
 

ExerciseWederive the simple harmonicoscillator algebra bit

disorganizesat l in off toy am rim

attn i in InY

I prove thefirst
commutator we use the definition fromGriffithsEq2.48
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We apply
these to atest function
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4 f f Thus wehaveshown a at 1 I

noxtnewishtosnwatnFI.AM aln nt

First we must show that a and at are Hermitian conjugatesof
oneanother

flatg Saf g
and flag atfly

Expening the
definitions of at and a fully we have

at Ig mox ip Eg max hat

a Ig moxtip Eg max tht

Placingbothin an inner product octave
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Wehavethus simultaneouslyshownthat I flatg Lafly and

flag Latfly so aandat areindeedHermitianconjugates 171

natamuttakthaisigoperatemmptomongentate
ofthe SHO to another

Consider that

aat Iw mox im w xp px p
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sincetheHamiltonian is simply A Im w x tpYam
he



Consider an eigenstate El with energy E Then
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at H E Hate hw a at at Eat a at

Eat s IE FlatI E hw atIE th atIE

I ate Etta at IE whichshowsthat at E isalsoaneigenvector

H It follows that successively applying the raising operatortotheground
tatewillgetusto aladderofeigenstates

107 A 11 at107 As127 at 10

wenowintaduathnberopeder.Weeuk.IT
ata In max ip max tip

maxi im w xp px p I kwlatatya

hw IN Ya where N isthenumberoperator We

will need thespectrumofthenumberoperator We justshavedthat



I at 107 E tnk w at lol

so let usnow determinethegroundstate energy oftheSHO

the
energyofa statebyhw

iH IE ELE aTIE ENE In IF IE HalE

HalE E hw a IE

We argue
thatthere must exist astate 107 suchthat a107 0

If we continue tolovertheenergy at somepoint wewillreach astatewith
E sKnin

Em 4 E Va 4 tf y Klx TM who

k x 0 Fx Thisfunction will eitherbe concaveuporconcavedo
atallpoints andthuscannot be normalizable and thusmustnotbeaphysical
state



Wenow solve x1 a107 0 mu x th Mdx X

Y my x x In N c mwith

N Aem ohh and normalization requires A Iho

Y Iho emwith We can findtheenergy of

thisstate using the Schrodinger equation
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It followsthatthe SHO spectrumisgivenby

IEntholutty



We now easily determinethespectrum ofthenumber operator

Hln a hw nth In hw Nth In

N In n In WecanalsoseethattheeigenvectorsofNanettesaveas
thoseofH

We mark that aN n n al n a atu In

a at aln tata aln a In N al n
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and
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at aattn ath N at in E
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We also argued abovethat at n Intl aln ah

withthsepiecesshecanfinallyfinishdeririyttestloalgebre



Suppose at In c Intl Then losingthefactthat a 4 7

Inla at n anti eclat

Sulfa at tataln LF Ln n ninth

ntl C Ft wherethelackofcomplexphaseis a
convention

Similarly

aln Edin 1 Lulataln mild'd n 17

n Idf d rn so we arriveat

two more equations forour algebra
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Finally ifne start from ourgroundstate weget
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Suppose In lat107 Then
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and so wehave shownby
inductionthat

paid 17
Justgo

read Griffiths


