
 ExerciseWederive the ID nearest neighbor distribution sourceUndergo

statmech

suppose wehave N I points uniformly distributed over an
interval of lengthL We want to findtheprobabilitythat the closestparticle
is a distance X away

from an arbitrarily chosen point notclosetothe

boundary

To computetheprobabilitythattheclosestparticle is adistance x away
weneed

theprobabilitythat N l particles are notwithin x
theprobability that oneparticle isbetween xandXtdx

Thefirst termis given by 1 2x 1
N

and the
second isgivenby 2dx L Combining

them we gettheprobability

dP 2dx h 1 2 11

Bothfactors of2comefromthefactthatwedon'tcare iftheclosestparticleistotherightorleft

Te probability density is given by
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where we have usedthe approximation l X Eé forsmallXand
ange n Thus the nearest neighbor distribution isgivenby



shakiest
Theadditional factor ofN is simply anormalization constantWecan
see itonlydepends onthedensity whichmakes sense

The mean nearest neighbor distance isgivenby

a Jay x em'd ne In YEI
Wecompare our theoreticalprediction with a MonteCarlo simulation atdensity
N h 1000



Exercise
We

derivethenearestneighbordistribution in n dimensions

We followthe same procedure as before Theprobabilitythat N l particles
are notwithin adistance r isgiven by
t Vuh n NY

andthe probabilitythat one particleis between r and ndr is Slr dry
where Vu n Su r arethe volume and surface areas of spheres in ndimensions

It followsthattheprobability isgivenby
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andthatthe PDF isgiven by
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up to normalization

Theformulasfor n sphere surfacearea andvolumearegivenby
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So our nearest neighbor distribution isgivenby

INN III art
where JU isthe normalization constant which cansimplybefoundbyintegrating
over P NoJacobianis required forthis integration sincethe angularinformationis
Iready capturedin Sub Wefindthat

1snrk art

We now seethat our resultonly depends onthe densityand
thespatialdivensio

Themean distanceofthe nearest neighborin n diversions isgivenby
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Wenowperformseveral Monte Canto simulations totesttheseresults



It is less likely thathigherdimensionswillbe relevant butweinclude a
few cases outof general interest



It is perhaps notsurprisingthatthemean increases withspatialdiversion INfixed1 1
but Ihave no ideawhy the

distributionswouldbecomeleft skewed inhigherdimension


