
 
Forthe following systems wesketch the qualitativelydifferent vector fieldsthat

occur aswevary
r We showthat asaddlenode bifurcation occursat Somera

and we findthat ro We finally sketch the bifurcation diagram
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This system has fixedpoints when
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Clearly when r 0 thesystem has no fixed points
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And the system's phase diagramis as foko.ws
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When Irl 32 we have 2 fixedpoints
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o s x

So itappears that this system has two saddle node bifurcations
at re I 2

We find the locations ofthese fixed pointsexplicitly
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Which fixed pointis stable Using linear stability analysis we

simplycheck the signof f G't

f's ri 2x fYx rt2 Itf
r r 1 I 1 So weconfirm

analytically that when Irl 2 hetore a stable fixedpoint atFEETand
anunstablefixedpointat FEI

We may now plot the bifurcation diagram
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Weobtained thisgraph by simply plotting

xeri Etf
and usingthe fact that thenegative root is stable

3.1.24
Let I r cosh X To see the fixed points weplot
f r
j coshx

andwe recallthatflowis totherightwhen r coshx Tothleftwhenrecoshx
andfixedpointsoccurwhen r coshx
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Clearly a saddle node bifurcation occurswhen rel Thefixedpoints
occurwhen r coshx X I cosh r

Ueuse linear stability analysis
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f't cosh r EH FEI 0

Sothe positive root of r coshx O isstableTheregaliaisunstable

Accordingly ourbifurcation diagramis asfollows
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3.1.34

D rt x In It x To seethe behavior offixed pointsoffhi
system weplot i rtx K In Hx Flowtorightwhen rtx lull
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clearly the system has one bifurcation It occurswhen
1 0 The associated vectorfields are
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Thefixed pointsoccurwhen

rtx In It x

which doesnot have ananalytic solution HoweverHe fixedpointthat
corresponds to LO isstable andtheotheris unstable



Weplotthe bifurcation diagram below
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in rt xD Max Weplot rtH2and x

Flow isto therightwhen rtx12 Mix
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This system appears to either have one fixedpoint or three
However thepointwhere H x diverges iscomplicatedsincethefunctions



aren't equal Their differencedoes in fact changesignthough

The divergence occurs at x l The otters occurwhen

rt Xk Mix O
rt x12 Ctx X rt rXt t IL X

Iz t x r E t r O

x H r try
E r Tf rt Ly Lr

r t 440 So we onlyhave

3 solutions when r2 3 rt 1 4 30

We now use linearstability analysis onthese fixed points
F Axis Max f Iz gz l X
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This analysis is inconclusive Generallyspeaking withoutindicay
stability the bifurcation diagram is

r

The diagram suggests that X l isnota fixedpoint But I
do notknow
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Thesystem hastwo fixed points exceptwhen r o Then it has
one Thefixed points occurwhen

r
2 5 X r

Qualitatively we see that x r is stable x r unstable

Thebifurcation

diagramclearly

r capturesthisbehavior



b Now let it Rtx Clearly thissystem willonlyhave
afixed pointwhen F 0 It willbe semistable
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