
 
For thefollowing 6problems we analyze the differentialequationsgraphically

vectorfield
fixed points
stability
HH graphically
Xlt analytically
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Let i 4 2 16

Then we have an upwardopening parabola shiftedbelow
the horizontal axis
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We have X 2 since it satisfies f x 0
From our vector field weseethat X't 2 is unstable and x



is stable
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lastly we attempt tofind xlt analytically
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Let i l X

Given that X is even wehave
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Weobservethatourfixedpoints are x l x l isunstable
x l is stable
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Lastly wetry tofind x t analytically x I x
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No easy
solution

2.2.34

ox X X We plot each term separately andcompare
their plots
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Tosolveanalytically wemust have
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i has fixed points x ZIT ZE TL Thestablepointsa
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No analytical solution

2.2.81
Giventhefollowing phase portrait we find an associatedsystem
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We recall that the circles here represent fixed points x ofthe
flow which satisfy f x 0

Hence Mx has 3 Zeros andits sign isdetermined

bythe direction offlow
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2.2.91
tend asystem ox flx that has the following qualitative
solutions
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We have 3 fixed points x 0 is stable XE l
is unstable Weonly know part ofX't 1 behavior
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Given the apparent acceleration from the center solution we
infer nonmonotonicity between O and l Hence we propose
f x which satisfies
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Forthe following criteria we findasystem x HD orelse
we explain why sucha systemcannotexist WeassumeAxl's
smooth

a Every real number is a fixedpoint Thatis the111 0Thus we have
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b The only fixed points are the integers Thatis

txt It flx 0 try It fly 0

We propose the following function

f x s

Weobserve that theETL Hz inftz D
tuk Il f w sin ft w O

c There are precisely 3 fixed points andall ofthem are
stable

This is impossibleWe demonstrate thiswith a phase portrait
Suppose our 3 fixed points are a b c satisfying asbeer

Ourphaseportrait is thus

al

Without 2 additional fixedpoints this condition isnot possible



d There are no fixedpoints Thatis theIRHx 0 This
is easilysatisfiedby

yf x cous

among many
otherchoices

e There are precisely 100 fixedpoints Let Xk3 be
100 distinct real numbers Then the following function hasprecisely
00 fixedpoints
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2.2.14
We obtain theanalytical solution for thechange QH on a

capacitor in an RC circuit

We recall that capacitors satisfy

Q C

We next draw the circuit
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We knowthatthevoltage droparound thiscircuit is 0 thence we
have

Vo IR 0 0

Since I Q we have

V QR Qk o

a I E
Wealso assert that a switchis closed at f O andhence

Q o 0
This equation is separable Let Volpe x p
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To solve forA we imposeour

initial condition
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Wenow consider an RC circuitwith a nonlinear resistorTheresisto
allows current flow Ie g V for some function gwithshape
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Giventhat the voltage droparoundthe circuit is 0 wehave

Vo Ve QU 0

We observe that g is
invertible andhence Vr g I

Vo g CQ Qc O

g a Vo Q K Q g
Giventhat wehave foundthecircuitequation we findits fixedpoints

glx O 0

fence theonly fixedpoint occurswhen f QK O

Q V justlike in a standard RCcircuit

Moreover Vol QI g LO Vo QE g O



Thus our phase portrait is

c Q
VoC

Hence we conclude that Q VoC is a stable global fixed
point justlike inthecage ofthe linearresistor

Hence qualitatively thenonlinear resistor doesn'tchange aything abou
thecircuit
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We consider the differential equation for a fallingbodyunder
drag
Mt ng ki

a Ve findtheanalytical solution tothis system withthe IC
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vf f which alreadysatisfies

O 0 hence theintegration constantthatwe
omitted

was 0

Given that finnotanh x I fine FftanhFET
F m

c We now analyzethis sanesystemgraphically
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Wehave fixed points when
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Hence graphically we have
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Clearly our solution is nonphysical for K FLI But
he geta stable fixed pointatthe body's downward terminalvelocity
and our results agree

with ouranalytical solution


