
 EffiWe
derivethecircularorbitsofmassive andmasslessparticlesintheSchwarzchild
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Source Carroll 5.4

If we have akilling vector 1h then the 44 willbe aconstant

forthefree particlemovingalongthe geodesic Since the retric isstaticand

phonically symmetric landsince wehave already fixednotiontobeinthe0 52 plane

we will have two killingvectors

14M de 1,0 0,0 and

RM Og 10,0 0 1

using
theSchwartzchildretric

We can then loverthe indices and computetheinnerproductabove Wearrive
attwo conserved quantities
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Where E will be the energy forthcase ofthe
masslessparticle andthe

energyperunitmass for
the massive particle L will correspondinglybe the

conserved angularnoventum on angularreventum perunitmass respectively

Let E I formassiveparticles and E O formasslessparticles Then

gu U U E 1 26Mt t

11 26 5 El try tr EY
So

E E'll 26mA t 1 26min d the

I
freftlrl 11 11 to

whichlookssimilartotheNewtonian effectivegravitationalpotential exceptwith
anew term n p
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We findthecircularorbitsformassiveparticles 8 1

Ve r o É 61,1 I 61

I 361,1 67 0 36ME L r 6Mr

I Im item fÉmti tm

Next we analyzethestabilityoftheseorbits

Vest 31T 12611 291

I 35 r 126Mt 26M r

Asthestabilitywill depend on L we considerthelimit L 6m77

I Eon 1111 66mi r Im i 36mi z

É R 36M We now examinethestabilityoftheselimiting



cases

Pf Vef rt 35 In 126mi
264
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so Irtisstabley
Wealsohave

R5Veff r 352 126Mt 26Mr

35 36M 126Mt 26M 962M

GM if 3 1816M LT LO frisunstablef

As we decrease L theouter stable circular orbitwill approachthe inner
unstable circular orbit For some L these two orbits willcoincide andbelowthis
value of h no circular orbitswillexist Thevalue of L forwhichbleinner
andouter orbits coincide is thevalve which killstheradical

Em it trim HEEM L R2 GM



46671 This isthe radius ofthe invest stable
circular orbit CISCO

Wenow find thecircularorbits for massless particles

Vote r EI I Ip
61

Veff r É t 347,1 0 I

36mi ri O frazGMI
which isthe sameastheunstable circularorbitfor massive particles
We find the stability ofthis orbit by onceagaincomputingthe

secondderivative

Vef r 3,44 12411 Veg re

Ent Em t so

so Pc is unstable for masslessparticles


